Low cost actuators and linkages used in Micro Aerial Vehicles will lead to unmodeled nonlinearities like dead zone and backlash in the actuator. These actuator nonlinearities are often neglected in the design of feedback control system and can detoriate the system performance remarkably. This paper presents the design of robust control laws for Micro Aerial vehicles (MAV) using sliding mode control approach to deal with nonlinear uncertain plant models. The uncertainties can be in the form of parametric variations, external disturbances or uncertain actuator nonlinearities. The uncertainties are assumed to be bounded with known values. Simulation has been carried out using MAV 6 DoF nonlinear model and the results are provided to check the performance of the control laws.
INTRODUCTION
Micro Aerial Vehicles of wing span less than 450 mm are being developed around the world due to the advantages that these small size vehicles have in various fields like surveillance, homeland security and disaster management. MAVs due to their small size are difficult to model and has dynamically varying performance from time to time. This is because MAVs have uncertainties in their dynamics as well as in the environment in which they fly. The uncertainty is sometimes intentionally introduced when a nonlinear model is linearized and there are also unintentionally introduced modeling errors. The modeling error might come from the inability of a wind tunnel to simulate the open space environment or the approximations done by flow simulation software to model the aircraft. Due to all these disturbances and uncertainties MAVs really demands a robust control technique to stabilize and also to guide them through a predefined path for a particular mission to be accomplished successfully.
When working with real life control problems, the presence of physical components, which often contain nonsmooth nonlinearities such as dead zones, saturation, relays, and hysteresis, leave the designer in a difficult situation in dealing with them. Particularly miniature servo-motors used in MAVs have some disadvantages. Due to very high speed rotation, they are combined with a gear sets of high gear ratio which introduces dead zone and backlash in the control surface deflection. Moreover low cost and lesser weight linkages between actuator and control surface horns used in MAVs are not rigid enough and will induce free play during actuation, which will cause static (e.g., dead zone) or dynamic (e.g., backlash) nonlinearities, whose parameters are unknown and may vary with time. Although often neglected, they are indeed present in most mechanical, hydraulic and other types of system components. Actuator nonlinearities are the key factors limiting both static and dynamic performance of feedback control systems.These nonlinearities can lead to deterioration of system performance.
Objective:
The problem of controlling nonlinear systems in the presence unmodeled non smooth nonlinearities like backlash and dead zone have been addressed using several approaches. Few researchers have attempted solving control problems with actuator nonlinearities using Neural network, Optimal control and Fuzzy control. Most prominent among them is in the framework of adaptive control [1] . The control design is achieved by introducing an inverse function of the actuator nonlinearity and using it in the controller design with backstepping technique and updating the function adaptively. In this paper we have used an alternative approach based on sliding mode control, which provides a robust stabilizing control law in order to ensure that the undesired effects of actuator nonlinearities are avoided. The main results of this paper is based on the theory developed as in [2] .
In [2] the authors have considered equivalent control approach for designing control law. The main contribution of this paper is that, we have considered a reaching law based sliding mode control approach and applied it to the complex aircraft nonlinear model. This reaching law based approach will ensure that the states will reach the sliding surface in finite time, using stronger reachability condition. Design of robust sliding hyperplane using multiple linear models and the design of robust control laws to overcome model uncertainties and actuator nonlinearities are considered in this paper. Two main actuator nonlinearities such as dead zone and backlash are considered. The results presented in this paper will provide a robust stabilizing control law designed to ensure that the forbidden region is never entered. This will avoid any undesirable effects in the system behavior and ascertain the robust performance of the feedback system. Application of this technique to solve control related problems in Micro Aerial vehicles is first of this kind attempt. Dealing with such actuator nonlinearities is one of the vital control problems associated with the MAVs. The main challenge lies in tuning control parameters to get the desired response for highly sensitive small MAVs like Blackkite 300 wing span MAV developed by CSIR-NAL. To evaluate the controller performance we have used the aerodynamics model of the Balckkite MAV obtained from windtunnel tests.
Paper Organization
The rest of the paper is organized as follows. In Section 2 the actuator nonlinearities are modeled and problem statement is defined. A brief overview on robust stabilization of plant model in the presence of actuator nonlinearities is presented in Section 3. We need to design a robust sliding hyperplane to overcome the unmatched uncertainties in case of system deviation from the nominal one. Section 4 briefly outlines the design of robust sliding hyperplane using Linear matrix Inequality (LMI) approach. Reaching law based robust control law design and proofs for the existence of sliding mode in the presence of actuator nonlinearities are presented in Sections 5.1 and 5.2 respectively. A brief outline of the Micro Aerial Vehicle model which is used for simulation is presented in Section 6. Simulation results are presented in Section 7. Section 8 concludes this paper.
PROBLEM STATEMENT
Consider an uncertain nonlinear system of the form (1) where x ∈ » n is the state vector and u ∈ » is the input. The uncertain terms ∆ h(x) and w(x) account for the parameter variations and external disturbances respectively.
In this paper we deal with the problem of stabilizing the MAV plant model in the presence of two different actuator nonlinearities. The problem can be solved in two stages, Stage 1: Design of robust sliding hyperplane for the MAV plant model using LMI approach [3] . Stage 2: Design of sliding mode controller with guaranteed robustness in the presence of uncertain nonlinearities and parametric variations. Let us consider the aircraft dynamics as the nonlinear system of equation preceeded by the servo actuator as shown in the Figure 1 . The input u to the plant is not directly available for control, whereas the input v to the actuator is available for control. The fucntion u = f (v) corresponds to the following non smooth nonlinearities present in actuator dynamics.
• Dead zone Where m is the slope, c r and c l are backlash width. The main idea of this paper is to design a reaching law based sliding mode controller, which robustly stabilize the MAV in the presence of non smooth nonlinearities in the actuator dynamics. Let us consider the following assumptions based on which the control law is synthesized.
Assumptions 1: There exists a sliding surface s(x) and a suitable control u able to guarantee that the sliding motion is achieved.
Assumptions 2: The function g(x) and s(x) are such that (1) in the presence of dead zone and backlash nonlinearities.
ROBUST STABILIZATION OF NONLINEAR PLANTS IN THE PRES-ENCE OF ACTUATOR NONLINEARITIES
A brief overview of robust stabilization of uncertain nonlinear plants in the presence of actuator nonlinearities is presented in this section. The problem of control law design with nonsmooth actuator nonlinearities like dead zone and backlash is addressed in [2] . The authors have considered a nonlinear SISO plant with an actuator having dead zone or backlash. These uncertainties are assumed to have been characterized by unknown parameters with known bounds. The authors have proposed variable structure control to avoid these undesired effects. The control law is so designed that even in the presence of uncertainties the forbidden regions are never entered.
A nonlinear uncertain system of the form as in eqn (1) is considered. As shown in Figure 1 the input to the actuator v has to be designed such that it never crosses the undesired region. Whereas the input to the nonlinear plant is u = f (v). u is the control input to the plant and v is designed using sliding mode approach. Beyond guaranteeing the existence of sliding motion the controller is designed in order to ensure the dead zone and backlash region is never entered. The constraint to be kept is s(x) = 0, which is the sliding motion. The condition for the existence of sliding motion is taken as [5] To overcome the dead zone, the expression for the control law is so derived such that
The above expression means that the control law is so designed such that the forbidden region is never entered.
In case of backlash the authors have considered the quasi static model which is equivalent to the one defined in the eqn (3).
Let us define Σ V as the set of states of the backlash model, the set of all points in or between the lines of slope m. For any point p k = (v k , u k ) ∈ Σ V at any time t k , define two functions and (7) (8)
The characteristics of backlash can be defined as follows, for any state (v k-1 , u k-1 ) ∈ Σ V at any time t k-1 and for any input v monotone over [t k-1 , t k ] the output u(t) ∀t ∈ [t k-1 , t k ] is given by (9) according to whether v is increasing or decreasing respectively. For any initial state, at any time t and for any input v, the backlash output is uniquely determined.Let us define the following quantities: (10) (11) under the assumption 4 defined in the section 2, v l and v r can be bounded. A minimum and maximum value for v l and v r are given as below (12) (13) Control law expression obtained using the conditions below, guarantees the existence of sliding motion and thereby ensure robustness.
(14)
(15) So far we have seen the brief overview of the design of robust stabilizing controller for an uncertain nonlinear plant model in the presence of actuator nonlinearities as in [2] . In the subsequent section we address the design of robust sliding hyperplane for the uncertain nonlinear Micro Aerial Vehicle model using LMI approach. "The design of control law using reaching law based approach in the presence of actuator non linearities", which is the main contribution of the paper, is outlined in the Section 5. The reaching law based approach will ensure that the system trajectory reaches the sliding surface in finite time. Detailed proofs for the existence of sliding motion are also presented.
DESIGN OF ROBUST SLIDING HYPERPLANE USING LMI APPROACH
Designing a robust sliding hyperplane for the complex aircraft model is indeed challenging. In this section our objective is to design a sliding hyperplane using linearized MAV models obtained at different operating conditions. Condition for existence of a sliding surface for a complete range of models have been addressed. The aircraft is trimmed for wings level flight condition and twenty linear models were obatined at different velocities ranging from 10m/s to 20m/s. Based on our analysis the linear model corresponding to 15 m/s is considered as a nominal one and variations from the nominal model is written in the form of A + ∆A. Where, ∆A is chosen by finding the minimum of the maximum norm of the differences among all linear models.
We adopt a different way of designing sliding surface for MAVs motivated by quadratic Lyapunov function approaches [6] [3] . A nominal model has been chosen and variations from the nominal model are captured in the form of parametric unmatched uncertainty. The sliding mode in its original form is robust to matched uncertainties and disturbances and hence can stabilize the plant. In our case, the sliding mode requires some augmentation to handle unmatched uncertainties arising out of system deviation from the nominal one. Design of performance optimized sliding hyperplane is based on Riccati approach. Search for Lyapunov matrix with unmatched uncertainty constraint is formulated in terms of linear matrix inequality. Feasible solution to the LMI enables the design of robust sliding surface. Detailed analysis of LMIs and its solution to control system problems are given in [7] . Let us consider the decoupled state space model of the longitudinal and lateral system as (16)
A lng A lat are the longitudinal and lateral system matrices respectively.
are the states of the system, where u , v and w are the body velocities, p , q and r are the angular rates, θ, φ are the attitudes. δ e and δ a are the elevator and aileron surface deflections and x ∈ » 8 .
To capture the servo actuator dynamics used in the MAV, we have conducted a lab experiment to obatin the input/output resposne of the system. The response appears to have the characteristics of a typical first order transfer function. The entries of T.F are optimized to match the experimental resposne. The actuator is modeled using first order transfer function as shown below.
The final augmented system along with the both elevator and aileron actuator and the plant will be of 10th order whose state space model is (17) where x ∈ » 10 is the state vector and u ∈ » 2 is the elevator and aileron actuator input.
Consider the uncertain linear system (18) It is assumed that the pair (A, B) is controllable and rank(B) = 2. Note that the uncertainty ∆A is not in the range space of input matrix, hence does not satisfy the matching condition. It is further assumed that the uncertainty matrix can be decomposed using singular value decomposition.
Here M ∈ » 10×10 and N ∈ » 10×10 are constant matrices. D is a design matrix, where 
Problem Definition
The process of designing sliding surface is greatly simplified if the system is transformed to regular form using suitable linear transformation [5] . In our case the final augmented system is in regular form. Hence there is no need for any further transformation. The above system eqn (17) can be re-written as (20) where
and B 2 ∈ » 2×2 is non singular such that B 2 -1 always exists. Lets us define the sliding hyperplane as (21) where G ∈ » 2×8 and using eqn (20), the reduced order system dynamics during sliding can be written as (22) If the uncertainties were matched, ∆A 11 and ∆A 12 may not appear in the above equation. The existence of sliding mode without the uncertainty is guaranteed simply by the controllability of the pair (A 11 , A 12 ) which implies existence of matrix G ∈ » 2×8 making (A 11 -A 12 G) stable. However in the presence of unmatched uncertainty, design of robust sliding hyperplane is possible if (i) there exists a matrix G which make the above eqn (22) stable and guarantees robust stability and (ii) there exists a control law which ensure the attractiveness of this stable sliding hyperplane.
Robust sliding hyperplane
Definition: System as in eqn (17) with a feedback controller u = g(t, x) is said to be quadratically stable if there exists a P > 0 such that V (t, x) = x T Px is a Lyapunov function for the closed loop system. V .
(t, x) should be negative definite for the system to be quadratically stable [6] . The system as in eqn (18) 
For the system as in eqn (18) there exists some sliding modes if and only if there exists some positive definite matrix P = P T > 0 and control u = -Kx where K ∈ » 2×10 , X ∈ S D satisfying the following inequality,
Where P is the Lyapunov matrix which is the feasible solution of the above inequality. The existence of positive definite matrix ensures the stability of the uncertain system and sliding function defined in terms of the above equation ensure stable sliding surface for the complete MAV model. LMI formulation and the constraints are dealt with great details in [8] [3] . Feasible solution can be found globally using YALMIP toolbox [9] . Upon solving the inequality with the other constraints, the robust sliding hyperplane is obtained as Sliding surface:
where (27) Existence of P ensures the stability of uncertain system. During sliding the system states asymptotically converges to zero. Asymptotic stability is shown by Kim and his co researchers [8] . Suitable solution to the LMI can be obtained using MATLAB toolboxes 'SeDuMi' and 'YALMIP' which are simpler and easy to solve.
REACHING LAW BASED ROBUST STBILIZATION OF NONLINEAR MAV PLANT IN THE PRESENCE OF ACTUATOR NONLINEARITIES
The robust sliding hyperplane obtained in the previous section 4.2 is used to design the control law in the presence of uncertainties, external disturbances and actuator nonlinearities. In this paper a reaching law based robust sliding control law design is proposed to overcome these uncertainties. In the section 5.1 control law is designed to overcome the dead zone present in the actuator and in section 5.2 quasi static backlash is considered. Let us recall the system equation defined in section 2: Consider an uncertain nonlinear system of the form
The sliding function is defined as s(x) = Sx, where
Robust Stabilization with Dead zone in the Actuator
To stabilize the plant model in the presence of dead zone nonlinearity, let us define the following as in [2] . For the system described by eqn (1), with the actuator dead zone model defined as in eqn (2) and with all the assumptions satisfied, the control law can be derived such that,
with v e and v n as described below, guarantees the achievement of sliding motion on s(x) = 0. 
where
proof
Beyond guaranteeing the existence of sliding motion, the controller will be designed in order to ensure that, even in the presence of uncertainties, the dead zone is never entered. The condition for existence of sliding mode is given by Suppose s(x) < 0, for the sliding motion to exist, previous inequality requires that For stronger reachability condition, let us consider the reaching law s˙= -qs -∈sgn(s) [5] (34)
In this case along with the sliding mode existence, the extra condition v > d r + ρd r will be imposed, meaning that the dead zone region is never entered even in the perturbed condition. Then The remaining uncertain terms should be greater than zero Therefore, the existence of sliding mode requires that condition below is satisfied. 
The condition is for s(x) < 0 and hence, v e = v 1 e and v n = v 1 n . Recall that v = v 1 e + v 1 n and v > dˆr + ρd r . Substituting we get, Therefore. . .
Thus the choice of θ 1 above ensure both eqns (35) and (38) were satisfied and the sliding mode existence condition is hence proved. The condition s(x) > 0 can be treated in a similar way imposing
Thus the choice of θ 2 will also ensure the existence of sliding mode in the same way.
In this section we have looked at the stabilization of MAV plant model in the presence of dead zone in the actuator. We have outlined a proof for the existence of sliding mode in the presence actuator dead zone. We have designed a reaching law based sliding mode control, which will ensure finite time reachability. In the succeeding section we will learn how to deal with the actuator backlash.
Robust Stabilization with Backlash in the Actuator
For the stabilization of plant model in the presence of backlash nonlinearity, let us define the following. For the system described by eqns (1) and ( (7), (8)), with all the assumptions satisfied, the control law (40) with v e and v n as described below guarantees the achievement of sliding motion on s(x) = 0. 
proof
It is well understood from the model of the backlash that, one of the undesired effects is the delay associated with the time needed to traverse an inner segment of the characteristics. Therefore we design a controller 1) To ensure that either v(t) > v r max or v(t) < v l min , which will enable the inner segment traverse instantaneous. 2) Guaranteeing the existence of the sliding motion.
The condition for the existence of sliding mode is given by Suppose s(x) < 0, for the existence of sliding motion, previous inequality requires that
For stronger reachability condition . . .
In this case along with the sliding mode existence, an additional condition v(t) > v r max will be imposed, meaning that the inner segment traverse is instantaneous. Then substituting v = v e + v n in the eqn (45) we get substituting the bounds for m = m + ∆m we get The condition is for s(x) < 0 hence we have v e = v e 1 and v n = v n 1 .We have to find v n 1 such that the above equation satisfies. Substituting will yield
The remaining uncertain terms should be greater than zero Therefore, for existence of sliding mode v n has to be chosen such that. Simulation results of the proposed design is presented in the subsequent sections. Simulation is carried out using Blackkite 300 mm wing span MAV nonlinear model.
MATHEMATICAL MODEL OF MICRO AERIAL VEHICLE
To simulate the aircraft dynamics we have used the 6 DoF equations of motion consisting of the following math models [10] . (49) where F x , F y and F z are the aerodynamic forces along the body axis, L, M and N are the aerodynamic moments about the C.G. The complete aircraft Equations of Motion has 9 states, they are 3 body velocities u, v and w, 3 body angular rates p, q and r, 3 Euler angles φ, θ and ψ. Non dimensional aerodynamic forces and moments coefficients required to develop the 6 DoF model are obtained from the wind tunnel test. These aerodynamic coefficients are along the wind axis. If one has to derive the equations of motion along body axis, transformation from wind axis coefficients C D , C L and C Y to body axis C X , C Y and C Z has to be applied as can be seen in any standard text book dealing with flight dynamics [10] . C D , C Y and C L are the total drag, side force and lift coefficients respectively. C l , C m and C n are the rolling, pitching and yawing moment coefficients respectively.
Aircraft data
Blackite 300mm wing span fixed wing MAV with an Inverse Zimmerman planform configuration is developed by CSIR-NAL,India. This aircraft has the capability to fly at a cruise speed of 15 m/s with all up weight of 300 gms for an endurance of 20 mins. Mass, Inertia and C.G data of the Blackkite MAV is given in the Table 1 . The non dimensional aerodynamic coefficients are obtained from the wind tunnel tests conducted using full scaled model of the MAV [11] [12] . Typical plot of C L Vs α and C m Vs α obtained from wind tunnel tests are shown in the Figures 4(a) and 4(b) . These data are used for simulating the aircraft dynamics.
SIMULATION RESULTS
Simulations were performed using nonlinear equations of motion presented in the previous section 6. Aircraft is trimmed at 15 m/s for wings level condition and disturbances were injected through the input channel to evaluate the performance of the proposed controller. The trim condition is obtained as [V a β p q r φ θ ψ ] T , [15 8.82 0 0 0 0 0 8.82 0 ] T . We have included the backlash and dead zone nonlinearity along with the actuator dynamics. The dead zone slope and width are taken as 1 and 2 degrees respectively. Whereas for backlash they are chosen to be 1 and 3 degrees respectively. We have injected 2 deg of elevator and aileron doublet disturbance at 15 and 30 secs respectively and 2 deg of both elevator and aileron pulse for 2 secs simultaneously at 60 secs.
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We have designed a reaching law based robust 1-sliding mode control law to overcome the actuator nonlinearities (dead zone and backlash). We have also compared the results of reaching law based control law design with the equivalent control based design to overcome the dead zone and backlash present in the actuator. The following studies were carried out to find the efficacy of the designed control law.
1) Dead zone present in the actuator and control design to overcome the dead zone. Performance of the proposed controller is compared against the standard 1-sliding control design (without the considering the actuator dead zone in the control design). Simulation is done with an initial condition of 10 deg/s pitch rate. The simulation responses shown in the Figures 5, 6 and 7 corresponds to this study. In those figures "wdzc" corresponds to the simulation results with control laws designed to overcome dead zone actuator nonlinearity. In case of standard 1-sliding control we obsereve steady state oscillations as shown by the dashed lines in the pitch rate, alpha and theta resposnes due to dead zone present in the actutor. Whereas the propsoed controller eliminates the steady state oscillations and exhibits a smooth response behaviour which is very essential in case highly sensitive MAVs like Blackkite. Backlash present in the actuator and control designed to overcome the backlash. Elevator and Aileron disturbances were injected during straight and level flight simualtion to evaluate the performance of the controller. Performance is compared against the standard 1-sliding control design (without the considering the actuator backlash in the control design). Figures 8, 9 , 11 and 12 corresponds to the elimination of backlash in the actuator dynamics. In those figures "wblc" corresponds to the simulation results with control laws designed to overcome backlash actuator nonlinearity. 3) Figure 10 presents the enlarged view of angle of attack (Alpha) and pitch rate resposnes from where we can clearly observe that the response of the proposed contoller is smooth as against the standard-1 sliding control which exhibits oscillations as shown by the solid lines due to the backlash nonlinearity in the actuator. The bank angle (phi) has come back to level flight condition (φ = 0) when subjected to aileron disturbance in case of proposed controller which is desirable. Whereas in case of standard 1-sliding controller due to the nonlienarity the bank angle deviates from its equilibrium condition . This phenomenon can be clearly seen in the Figure 11 
4)
We have also done a comparitive study between the equivalent control based SMC available in the literature and proposed reaching law based SMC. From the simulation results as shown in the Figures 13 and 14 , we can observe that reaching law based SMC is driving the system back to the equilibium point even in the presence of actuator backlash. In case of the proposed controller it is observed that the pitch angle θ returns to the equilibrium point when subjected to disturbance which is desirable. Robust Stabilization of Micro Aerial Vehicles with Uncertain Actuator Nonlinearities
International Journal of Micro Air Vehicles It is observed from the simualtion results that the proposed controller overcomes the limit cycle oscillations caused due to the nonlinearities present in the actuator. When the aircraft is perturbed from its level flight condition it should come back to the equilibrium trim position without causing limit cycle oscillations. These oscillations are more pronounced in case of standard sliding mode control, whereas the proposed controller ensures that the aircraft maintain equilibrium level condition even in case of disturbances.
Effect of parameter uncertainties on the controller performance is studied by using randomly generated aerodynamic coefficients about the nominal values. We have 100 aerodata samples generated randomly with 10 percent standard deviation from the nominal value of all the coefficients. To evaluate the perfromance of the proposed controller at different operating conditions, we have carried out simulations at three different velocities (12, 15 and 17m/s). Extensive simualtions were carried out using those 100 set of coefficients at all three flight conditions. In almost all cases the settling time is less than 5 secs to come back to equilibrium position, when it is perturbed even in the presences of actuator nonlinearities. This can be clearly observed from the 
CONCLUSION
The problem of designing robust control laws for nonlinear aircraft model in the presence of actuator nonlinearities and parametric uncertainties has been addressed in this paper. These uncertainties are assumed to be bounded by known values. In particular we have addressed the robust stabilization of MAV plant model. The Blackkite 300mm wing span MAV's windtunnel model are considered for the design. We have designed a reaching law based 1-sliding control to overcome the dead zone and backlash present in the MAV actuator. Better controller performance can be acheived by using a faster sliding surface or a stronger control inputs by tuning θ 1 and θ 2 to suitable values. Simulation results have been presented to show the effectiveness of the designed control laws. From the simulation results we can observe that the oscillations due to actuator nonlinearities have reduced considerably in case of the proposed controller as against the standard 1-sliding controller. Application of these techniques in the framework of higher order sliding mode control will be addressed in the future.
